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Abstract
The functional relation of the Hurwitz zeta function is proved by using
the connection problem of the confluent hypergeometric equation.
1 Introduction
In this article, we give an alternative proof for the functional relation of the
Hurwitz zeta function by using the connection problem for the confluent hyper-
geometric equation. This proof appeared first in [UN95a] in an implicit form,
and second in [UN95b] which was written unfortunately in Japanese. In these
articles we considered mainly the functional relation for the q-analogue of the
Hurwitz zeta function. So we decided to publish again the proof in a complete
form.
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2 Hurwitz zeta function
The generalized zeta function introduced by Hurwitz (Hurwitz zeta function,
for short) is, by definition,
ζ(s, z) =
∞∑
k=0
1
(k + z)s
, (1)
where we suppose that 0 ≤ z < 1. The series is absolutely convergent for ℜs > 1,
and is analytically continued to the whole s-plane as a meromorphic function.
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Evidently, ζ(s, 1) = ζ(s), which is the Riemann Zeta function. Furthermore,
they satisfy a functional relation
ζ(s, z) = Γ(1− s)
{
(2pii)s−1L(1− s, z) + (−2pii)s−1L(1 − s, 1− z)
}
, (2)
which was established by Hurwitz himself [WW96]. Here
L(s, z) =
∞∑
n=1
e2piinz
ns
is a generalized polylogarithm and Γ(s) is Euler’s gamma function. Let call (2)
the Hurwitz relation. When z = 1, it reduces to the functional equation for the
Riemann zeta function:
ζ(s) = 2spis−1Γ(1− s) sin
(pis
2
)
ζ(1 − s).
To investigate analytic continuation of zeta functions, the sum formula of Euler-
Maclaurin
∞∑
r=0
f(r) =
∫ ∞
0
f(t) dt+
n∑
k=1
Bk
k!
{f (k−1)(∞)− f (k−1)(0)}
+
(−1)n
n!
∫ ∞
0
Bn(t)f
(n)(t) dt (3)
is a useful tool. Here Bn(t) = Bn(t − [t]) ([t] denotes the integral part of t),
Bn(t) is the n-th Bernoulli polynomial defined by
∞∑
n=0
Bn(t)u
n
n!
=
uetu
eu − 1
,
and Bn = Bn(0) is the n-th Bernoulli number. Putting f(t) = (t + z)
−s, and
n = 2 in (3), we have
ζ(s, z) =
z1−s
s− 1
+
z−s
2
+
sz−s−1
12
−
∫ ∞
0
B2(t)
2!
(
d
dt
)2{
1
(z + t)s
}
dt (4)
Substituting the Fourier expansion
B2(t) =
1
pi2
∞∑
n=0
cos(2pint)
n2
(5)
into (4), making once partial integration, we obtain
ζ(s, z) =
z1−s
s− 1
+
z−s
2
+
sz−s
2pii
∑
l 6=0
1
l
∫ ∞
0
e−2piilzu
(1 + u)s+1
du. (6)
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3 Confluent hypergeometric function
Now we observe the confluent hypergeometric equation
x
d2y
dx2
+ (γ − x)
dy
dx
− αy = 0. (7)
This equation has a regular singular point at x = 0, and an irregular singular
point at x =∞. The confluent hypergeometric series
F (α, γ;x) =
∞∑
n=0
(α)nx
n
(γ)nn!
, (8)
and x1−γF (α−γ+1, 2−γ;x) (= exx1−γF (1−α, 2−γ;−x)) form a system of
fundamental solutions to (7) around x = 0. Let us introduce a function defined
by
U(α, γ;x) =
1
Γ(α)
∫ ∞
0
e−xu(1 + u)γ−α−1uα−1 du. (9)
This is a solution to (7) around x =∞ [Sla60], and is connected to the former
solutions by
U(α, γ;x) =
Γ(1− γ)
Γ(1 + α)
F (α, γ;x) +
Γ(γ − 1)
Γ(α)
exx1−γF (1− α, 2− γ;−x)). (10)
Furthermore, for ℜα > 0, we see that
U(α, γ;x) ∼ x−α, (|x| → ∞). (11)
Substituting (9) to (6) with α = 1, γ = 1− s, and x = −2piilz, we obtain
ζ(s, z) =
z1−s
s− 1
+
z−s
2
+
sz−s
2pii
∑
l 6=0
1
l
U(1, 1− s;−2piilz). (12)
Here we should note that the infinite sum in (12) is absolutely convergent due to
the asymptotic behavior (11). According to (10), we have a connection formula
U(1, 1− s;−2piilz) =
1
s
{
F (1, 1− s;−2piilz)− Γ(1− s)(−2piilz)se−2piilz
}
. (13)
Hence
sz−s
2pii
∑
l 6=0
1
l
U(1, 1− s;−2piilz) =
z−s
2pii
∑
l 6=0
1
l
F (1, 1− s;−2piilz) +
+Γ(1− s)
{
(2pii)s−1L(1− s, z) + (−2pii)s−1L(1 − s, 1− z)
}
. (14)
By virtue of the integral representation for F (α, γ;x)
F (α, γ;x) =
Γ(γ)
Γ(γ − α)Γ(α)
∫ 1
0
ezttα−1(1− t)γ−α−1 dt,
3
we have
1
2pii
∑
l 6=0
1
l
F (1, 1− s;−2piilz) =
s
pi
∞∑
n=1
∫ 1
0
sin(2pinzt)
n
(1− t)−s dt
=
s
pi2z
{
pi2
6
+ (s+ 1)
∫ 1
0
B2(t)(1 − t)
−s−2 dt
}
.
Since B2(t) = pi
2(t2 − t+ 1/6) (0 ≤ t ≤ 1), we have
z1−s
s− 1
+
z−s
2
+
z−s
2pii
∑
l 6=0
1
l
F (1, 1− s;−2piilz) = 0
for 0 ≤ z < 1. Thus we obtain the Hurwitz relation (2).
In the case of the q-analogue of the Hurwitz zeta function, the connection
formulas for the hypergeometric function play the same role as in the present
case [UN95a].
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